

mfkdbrnprglhloq`iea�prj�2012 �9�(�! 157)�AgXV(+�A(1, 0, 1), B(1, 1, 2), C(1,−1,−2), D(3, 1, 0), E

(3, 1, 2). ��D+ E �D A,B,C �G�{ Σ�51DQ. AD�Q&Q.5��`��{ ABC &31p
n =

−→
AB ×−→

AC = (0, 1, 1)× (0,−1,−3) = (−2, 0, 0).���Q.&511p% l = (a, b, c), H�#[%
l · n = 0, l · −−→AD = 0.��f`% l = (0, c, c) (c 6= 0), � l = (0, 1, 1). C���Q.5�%
x− 3

0
=

y − 1

1
=

z − 2

1
.2� (�! 15 7) � f(x) G [a, b] �Ao^#��� f ′′(x) G [a, b] �ixfL�O|�

f(x) = f(a) + f ′(a)(x− a) +

∫ x

a

(x− t)f ′′(t)dt, ∀x ∈ [a, b].O| 1 � ∀x ∈ [a, b], l? Newton-Leibniz <�%
f(x) = f(a) +

∫ x

a

f ′(u)du

= f(a) +

∫ x

a

f ′(a)du+

∫ x

a

du

∫ u

a

f ′′(t)dt

= f(a) + f ′(a)(x− a) +

∫ x

a

dt

∫ x

t

f ′′(t)du

= f(a) + f ′(a)(x− a) +

∫ x

a

(x− t)f ′′(t)dt.O| 2 � ∀x ∈ [a, b], l?7�L7<�%
∫ x

a

(x− t)f ′′(t)dt = [(x− t)f ′(t)]
∣

∣

∣

t=x

t=a
+

∫ x

a

f ′(t)dt

= −f ′(a)(x− a) + f(x)− f(a),O
f(x) = f(a) + f ′(a)(x− a) +

∫ x

a

(x− t)f ′′(t)dt.�� (�! 10 7) � k0 < k1 < · · · < kn %;-&NM�� A1, A2, · · · , An %����S�E� f(x) = sin k0x+A1 sin k1x+ · · ·+An sin knx G [0, 2π) �r+&:�
(" A1, A2, · · · , An 
I�) &^2f}R
U;O|�
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`�" A1 = A2 = · · · = An = 0 ��E� f(x) G [0, 2π) ��A 2k0 :r+�*{O|'v A1, A2, · · · , An ��yR� f(x) G [0, 2π) �.U
A 2k0 :r+�euE�
F1(x) = − 1

k2
0

(

sin k0x+
n
∑

i=1

Aik
2
0

k2
i

sin kix

)

.<Z
F1(0) = F1(2π) = 0, F ′′

1 (x) = f(x).� F1(x) G [0, 2π) �&r+:�% N , H� Rolle -jP F ′

1(x) G (0, 2π) �U
A N :r+��1 F ′′

1 (x) G (0, 2π) �U
A N − 1 :r+�C� F ′′

1 (x) G [0, 2π)�U
A N :r+�R F0(x) = f(x). X8�{&D��%$9qE�
Fs(x) =

(−1)s

k2s
0

(

sin k0x+
n
∑

i=1

Aik
2s
0

k2s
i

sin kix

)

,w\ F ′′

s+1(x) = Fs(x), s = 0, 1, 2, · · · , �1
 Fs(x) G [0, 2π) �&r+:�% N ,H f(x) G [0, 2π) �&r+:�U
% N .s
g(x) = sin k0x+

n
∑

i=1

Aik
2s
0

k2s
i

sin kix,H Fs(x) =
(−1)s

k2s
0

g(x). �C k0 < k1 < · · · < kn, f��7 &NM� s, �%
n
∑

i=1

|Ai|k2s
0

k2s
i

<

√
2

2
,�1A

∣

∣

∣

∣

∣

n
∑

i=1

Aik
2s
0

k2s
i

sin kix

∣

∣

∣

∣

∣

6

n
∑

i=1

|Ai|k2s
0

k2s
i

<

√
2

2
.>�" m = 1, 2, · · · , 2k0 − 1 ��JI

g





mπ +
π

4
k0



 >

√
2

2
−

n
∑

i=1

|Ai|k2s
0

k2s
i

> 0,

g





mπ − π

4
k0



 6 −
√
2

2
+

n
∑

i=1

|Ai|k2s
0

k2s
i

< 0�m�JI
g





mπ − π

4
k0



 >

√
2

2
−

n
∑

i=1

|Ai|k2s
0

k2s
i

> 0,
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g





mπ +
π

4
k0



 6 −
√
2

2
+

n
∑

i=1

|Ai|k2s
0

k2s
i

< 0�m�ÆvGW�4�.�G xm ∈





mπ − π

4
k0

,
mπ +

π

4
k0



, �% g(xm) = 0, m =

1, 2, · · · , 2k0 − 1. ��fP� Fs(x) G [0, 2π) �&r+:� N > 2k0, � f(x) r+:�&^2f}R% 2k0.�� (�! 10 7) �N�q an w\
lim
n→∞

an = 1, lim
n→∞

an < +∞, lim
n→∞

n
√
a1a2 · · · an = 1.�O� lim

n→∞

a1 + a2 + · · ·+ an

n
= 1.O|�s xn = ln an, H�!�#[�

lim
n→∞

xn = 0, lim
n→∞

xn < +∞, lim
n→∞

1

n

n
∑

k=1

xk = 0.�+V��A& xn > 0. ��{)2�fP�G A > 0, �%�A& xn 6 A. <P" 0 6 x 6 ln 2 ���mÆ'� ex 6 1 + 2x./CA-& n, s
Sn = {i ∈ Z|1 6 i 6 n, xi 6 ln 2}, Tn = {i ∈ Z|1 6 i 6 n, xi > ln 2},HA

1

n

n
∑

k=1

xk >
1

n

∑

k∈Tn

xk >
| Tn|
n

ln 2 > 0,>� lim
n→∞

| Tn|
n

= 0. �C
1

n

n
∑

k=1

exk =
1

n

∑

k∈Sn

exk +
1

n

∑

k∈Tn

exk

6
1

n

∑

k∈Sn

(1 + 2xk) +
| Tn|
n

eA

6 1− | Tn|
n

(1− eA) +
2

n

n
∑

k=1

xk,
�
1

n

n
∑

k=1

exk > e
1

n

n∑

k=1

xk

,
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�T	ZH%
lim
n→∞

1

n

n
∑

k=1

ak = lim
n→∞

1

n

n
∑

k=1

exk = 1./C9��4�_�q
zn =

{−xn, xn < 0

0, xn > 0
, n = 1, 2, · · · .H lim

n→∞

zn = 0. s yn = xn + zn, H yn > 0, �
lim
n→∞

yn = 0, lim
n→∞

yn < +∞, lim
n→∞

1

n

n
∑

k=1

yk = 0.��{:O&_v� lim
n→∞

1

n

n
∑

k=1

eyk = 1. B>% zn > 0, �1 xn 6 yn, C�A
e

1

n

n∑

k=1

xk

6
1

n

n
∑

k=1

exk 6
1

n

n
∑

k=1

eyk ,F��T	ZH�%$
lim
n→∞

1

n

n
∑

k=1

ak = lim
n→∞

1

n

n
∑

k=1

exk = 1.

(�(�! 15 7) � A,B 7�� 3×2 F 2×3 �
K�
 AB =











8 0 −4

−3

2
9 −6

−2 0 1











,� BA.`�<P AB & L00�% λ(λ− 9)2. �C AB F BA A/$&6r LR (
�X�8/$) �fP BA & LRd% 9. ��fP BA f~�O�G 2 ^
K
C, �% CBA = BAC = I2. AB &^200�% λ(λ− 9), �1

A(BA− 9I2)B = ABAB − 9AB = AB(AB − 9I3) = 0,C�A
BA− 9I2 = CB ·A(BA− 9I2)B · AC = 0,O

BA = 9I2 =





9 0

0 9



 .
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t� (�! 20 7) � {Ai}i∈I , {Bi}i∈I ��E F �o:
KMH���zG F �/��	C�G F �D i ∈ I 'B&f~
K P �% P−1AiP = Bi, ∀i ∈ I. O|�Aj�E Q �o:
KMH {Ai}i∈I , {Bi}i∈I , 	C�zG��E R �/��H�zGAj�E Q �8/��O|� ∀i ∈ I, eu Mn(R) &[gX Ui,R = {T ∈ Mn(R)|AiT = TBi} ;N Mn(Q)&[gX Ui,Q = {T ∈ Mn(Q)|AiT = TBi}, �V Mn(R) F Mn(Q) 7�����E R FAj�E Q ��" n ^
K>�&1pgX�s
UR =

⋂

i∈I

Ui,R, UQ =
⋂

i∈I

Ui,Q,�!=P UR 6= 0. �C�ÆN$&1pgX&&�.Æ�D n2, >� UR D UQ �S�.T}�A-: Ui,R F Ui,Q &℄M�� Ui,R D Ui,Q &K(�S�b�`.65�℄ (J35�℄.�� AiT = TBi ;�&) �
���zK�`)&�Y/$�>�f;�$9℄<=K(��% T1, T2, · · · , Tl. eu00�
f(t1, t2, · · · , tl) = det

(

l
∑

k=1

tkTk

)

,� UR 6= 0 fP��G9℄�� s1, s2, · · · , sl w\ f(s1, s2, · · · , sl) 6= 0, �1fP f _% Q �&00�Æ�r00��>��G9℄Aj� r1, r2, · · · , rl �%
f(r1, r2, · · · , rl) 6= 0,��
K P =

l
∑

k=1

rkTk ∈ UQ�f~�O ∀i ∈ I,.A P−1AiP =

Bi.�� (�! 15 7) � F (x), G(x) � [0,+∞) �&o:69!,*YE��
lim

x→+∞

x(F (x) +G(x)) = 0.

(i) O|� ∀ε > 0, lim
x→+∞

∫ +∞

ε

xF (xt) cos tdt = 0.

(ii) 
a9�A
lim
n→∞

∫ +∞

0

(F (t)−G(t)) cos
t

n
dt = 0,O|�

lim
x→0

∫ +∞

0

(F (t)−G(t)) cos(xt)dt = 0.O|� (i) �#[fP lim
x→+∞

xF (x) = 0, �1 ∀ε > 0,

∣

∣

∣

∣

∣

∫ π

2

ε

xF (xt) cos tdt

∣

∣

∣

∣

∣

6 xF (αx)

∫ β

α

| cos t|dt → 0, x → +∞,
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�V α = min
{

ε,
π

2

}

, β = max
{

ε,
π

2

}

. >�*{T7O|
lim

x→+∞

∫ +∞

π

2

xF (xt) cos tdt = 0.� Dirichlet ��3fPJ:4�L7�n�\J:L7_	*
4�
∫ +∞

π

2

xF (xt) cos tdt =
∞
∑

k=0

∫ π

2
+(k+1)π

π

2
+kπ

xF (xt) cos tdt

= x

∞
∑

k=0

(−1)k
∫ 3π

2

π

2

F (x(t+ kπ)) cos tdt.J�9:�n&℄�P��>�
∣

∣

∣

∣

∣

∫ +∞

π

2

xF (xt) cos tdt

∣

∣

∣

∣

∣

6 x

∣

∣

∣

∣

∣

∫ 3π

2

π

2

F (xt) cos tdt

∣

∣

∣

∣

∣

6 2xF
(πx

2

)

→ 0, x → +∞,C�%$
lim

x→+∞

∫ +∞

π

2

xF (xt) cos tdt = 0.

(ii) T7eu x → 0+ &�4�J'WCO|
lim

x→+∞

∫ +∞

0

x(F (xt)−G(xt)) cos tdt = 0.� (i) &_v�JBT7O|
lim

x→+∞

∫ ε0

0

x(F (xt)−G(xt)) cos tdt = 0,�V 0 < ε0 6
π

2
.*{+O|

lim
n→∞

∫ ε0

0

n(G(nt)−G((n+ 1)t)) cos tdt = 0.����
∫ ε0

0

n(G(nt)−G((n + 1)t)) cos tdt

=

∫ nε0

0

G(u) cos
u

n
du− n

n+ 1

∫ (n+1)ε0

0

G(u) cos
u

n+ 1
du

=
1

n+ 1

∫ nε0

0

G(u) cos
u

n
du+

n

n+ 1

∫ nε0

0

G(u)

(

cos
u

n
− cos

u

n+ 1

)

du

− n

n+ 1

∫ (n+1)ε0

nε0

G(u) cos
u

n + 1
du

= I1 + I2 − I3,
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1�!�#[fP lim
x→+∞

xG(x) = 0, lim
x→+∞

G(x) = 0, �1A
| I1| =

1

n+ 1

∫ nε0

0

G(u) cos
u

n
du 6

∫ ε0

0

G(nu) cosudu

=

∫ 1
√

n

0

G(nu) cosudu+

∫ ε0

1
√

n

G(nu) cosudu

6
G(0)√

n
+G(

√
n)

∫ ε0

1
√

n

cosudu → 0, n → ∞;

| I2| =
n

n+ 1

n
∑

k=1

∫ kε0

(k−1)ε0

G(u)

(

cos
u

n + 1
− cos

u

n

)

du

6
n

n+ 1

n
∑

k=1

G((k − 1)ε0)

∫ kε0

(k−1)ε0

u

n(n+ 1)
du (Lagrange VR-j)

=
ε0

(n+ 1)2

n
∑

k=1

(k − 1)ε0G((k − 1)ε0) +
ε20

2(n+ 1)2

n
∑

k=1

G((k − 1)ε0)

6
nε0

(n+ 1)2
· 1
n

n
∑

k=1

(k − 1)ε0G((k − 1)ε0) +
nε20G(0)

2(n+ 1)2
→ 0, n → ∞;

| I3| = n

∫ ε0

nε0
n+1

G((n+ 1)u) cosudu 6 nG(nε0)

∫ ε0

nε0
n+1

cosudu

6
nε0G(nε0)

n+ 1
→ 0, n → ∞,C�%$

lim
n→∞

∫ ε0

0

n(G(nt)−G((n+ 1)t)) cos tdt = 0. (∗),G?h�C?Q I1 &53<P
lim

x→+∞

∫ ε0

0

(F (xt)−G(xt)) cos tdt = 0,�1T7O|
lim

x→+∞

[x]

∫ ε0

0

(F (xt)−G(xt)) cos tdt = 0,Jk [x] ��Æ�D x &^ M��R [x] = n, � F (x), G(x) &69*Y6�;N
n 6 x < n + 1, f%

n

∫ ε0

0

(F (xt)−G(xt)) cos tdt

6 n

∫ ε0

0

(F (nt)−G(nt)) cos tdt + n

∫ ε0

0

(G(nt)−G((n + 1)t)) cos tdt,

n

∫ ε0

0

(F (xt)−G(xt)) cos tdt

> n

∫ ε0

0

(F ((n+ 1)t)−G((n+ 1)t)) cos tdt− n

∫ ε0

0

(G(nt)−G((n+ 1)t)) cos tdt,
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1�!�#[fP
lim
n→∞

n

∫ +∞

0

(F (nt)−G(nt)) cos tdt = 0,F� (i) &_v%
lim
n→∞

n

∫ ε0

0

(F (nt)−G(nt)) cos tdt = 0,_H (∗) ���T	ZH%
lim

x→+∞

n

∫ ε0

0

(F (xt)−G(xt)) cos tdt = 0.
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